Abstract: This paper considers the effect that a rotational motion has on the normal modes of a shear beam that is free to rotate, either because it is free in space or it is pivoted at one end. It is shown that the classical solutions for these two cases violate the principle of conservation of angular momentum, and that this is true even when the rotational inertia of the beam vanishes or is neglected.
Introduction
Arguably, the simplest of structures with continuous mass and stiffness are the string, the rod, and the shear beam, and all three satisfy the standard wave equation. Thus, it would be natural to think that their dynamic behavior is so very well understood that no new insights concerning these systems could possibly be gained. As shall be seen in this paper, however, there is an interesting aspect not previously reported on the normal modes of partially restrained shear beams, namely the effect that the rotational motion may have on the normal modes.
Classical Normal Modes of Shear Beam
An easy way to derive the classical frequencies and normal modes for a shear beam is by considering a standing wave and observing that the displacements and stresses are at all times zero at the nodes and crests, respectively. By taking a beam with length equal to the distance between any pair of such nodes or crests, any set of boundary conditions can be modeled. The advantage of this approach is that one need not solve a differential equation.
In particular, in the case of a free-free shear beam of length L and shear wave velocity C s , the standing wave model would lead us to believe that the frequencies and modal shapes are given by
These results do indeed satisfy the wave equation, and lead to shearing stresses that vanish at the two ends, which would appear to validate the solution. However, in the case of a free-free shear beam ͑but not a rod͒, this solution does have a serious problem: the odd modes ( jϭ1,3,5...) violate the principle of conservation of angular momentum. This is because the shear beam, unlike the rod, has two rigid body modes, namely a translational mode and a rotational mode. Thus, the simple-minded standing-wave approach suggested above is incorrect, at least as far as the freefree shear beam is concerned. Whichever the true odd modes are, they must not produce net angular momentum in the beam. Another way to look at this problem is to see that there is a silent equation not normally considered in the analysis of shear beams, namely the moment equilibrium equation. In general, this moment equation does not enter the formulation of the solution, because the sections of a shear beam cannot rotate if at least one of the ends is fixed. However, this is not true if both ends are free, or if one is free and the other end is a pivot that allows rotation. Thus, we reconsider this problem in more careful detail, and obtain the correct frequencies and modal shapes for the modes for these two systems.
Dynamic Equations of Shear Beam
By definition, an ideal shear beam exhibits no flexural deformations, but deforms in shear only. Nonetheless, equilibrium considerations dictate that the beam must also be subjected to bending moments, even if these moments do not contribute to the deformation. If the beam is fully restrained at one of its ends, these bending moments are absorbed by the support and thus play no role in the vibration problem. However, if the shear beam happens to be able to rotate freely, then the rotational component of motion can, and does, play a role in at least some of the normal modes of the beam, as will be seen. For this reason, in the ensuing we shall take into consideration the effect of the bending moments and rotational inertia on the dynamic equilibrium of the shear beam. Consider for this purpose a shear beam with the properties ͑given in the Nomenclature͒. If the beam is fully clamped at one of its ends, then the beam cannot rotate as a rigid body ϭ0 and the behavior is classical. However, this will not be true if the rotation is not restrained, because the net angular momentum about the rotation point must be conserved. In the case of a free beam, the rotation point lies at the center of mass, while for the pivoted beam it lies at the support. Considering the equilibrium and deformation of the beam element of length dx shown in Figs 
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Force-deformation equations:
A combination of the previous expressions leads to the dynamic equilibrium equations
Modes of Rotationally Unrestrained Shear Beam
In the absence of body forces and for uniform properties, the first of the two equations above reduces to the classical wave equation
For harmonic motion, its general solution is of the form u͑x,t ͒ϭ͑ C 1 sin kxϩC 2 cos kx͒sin tϭ͑x ͒sin t in which kϭ/C s is the wave number whose value depends on the boundary conditions, and C 1 ,C 2 are constants of integration. We proceed to examine the solution for the two cases of interest here, namely the free-free and pinned-free beams, whose modes differ from those of the classical solution.
Free-Free Beam
This case is complicated by the fact that both the shear and the bending moments must vanish at the two ends. These conditions are
The first two conditions are satisfied if
The solution in this case is then
On the other hand, the third condition can be written as
which after integration can be changed into
with R being the radius of gyration of the cross section. If 0 ͑a condition that excludes the even modes͒, then it can be canceled out, which leads to the transcendental equation with ϭR/Lϭthe thickness ratio, and ␣ j ϭkLϭ j L/C s ϭthe dimensionless natural frequencies. It is convenient to normalize the modes so that
To assess the effect of the rotational inertia on the frequencies of the odd modes, consider first the extreme case where Rϭϱ. This means that tan 1 2 ␣ j ϭϪϱ, which is satisfied by ␣ j ϭ j, with odd jϭ1,3,5... ͑the even roots jϭ0,2,4... are not valid because they imply ϭ0 for which the transcendental equation is not valid͒. Thus, we recover the classical odd modes. At the opposite extreme is the case where the rotational inertia is zero, i.e., Rϭ0. This leads in turn to the transcendental equation tan 1 2 ␣ j ϭ 1 2 ␣ j whose first three roots and rigid body rotation angles are listed in Table 1 . These are the roots of the antisymmetric modes, for which j is odd ͑1,3,5͒. Also included in Table 1 are the first three roots of the symmetric ͑classical͒ even modes ͑0,2,4͒ which cause no rotation. As can be seen, the odd roots in this case are close to the classical odd roots ͓(1/)␣ j ϭ3,5,7...͔, except that the first, third, and fifth odd root moved into the vicinity of the classical third, fifth, and seventh root, respectively. Thus, the first even root ( jϭ2) is now the fundamental mode of vibration of the free-free shear beam. Observe also that the motion of the beam consists of both rigid body rotations and shear deformations. Rather unintuitive is the fact that the rotational effect on the frequencies should be largest when the rotational inertia of the beam vanishes.
The case where R is finite yields roots ␣ j that lie somewhere in between the roots for two cases considered previously. They can easily be found by trial and error for any arbitrary value of R. A graphical solution can be obtained by considering the intersection of tan 1 2 ␣/ 1 2 ␣ with the parabola 1Ϫ(␣) 2 . Fig. 3 illustrates the first ten natural frequencies of the free shear beam. The curved segmented lines depict the first five odd roots as a function of the thickness ratio, while the horizontal grid lines at the vertical positions 0, 2, 4, 6, and 8 depict the classical even roots, which are independent of . Notice that each odd branch intersects an even branch at a point that constitutes a double root ͑dots in Fig. 3 indicate coincident frequencies͒. These points occur at thickness ratios ϭ1/( j), jϭ2,4,6,... For thickness ratios to the left of these points, the classical even mode moves down in the modal count with respect to the nonclassical odd mode, and becomes a lower ͑i.e., more fundamental͒ mode. Fig. 4 , on the other hand, shows the rigid body rotation angle as a function of the thickness. The maximum rotation occurs near the double root, and is quite large in comparison to the total modal displacement. This rather counterintuitive result will be taken up again later and explained in the context of the pinnedfree case.
Finally, it can be shown that the nonclassical modes thus found satisfy the principle of conservation of angular momentum with respect to the center of mass, that is, The term in square brackets is zero, because it is the same as the equation for the roots.
Pinned-Free Beam
This case differs from the previous one in that the pin restrains the translation while allowing the rotation. Thus, the beam has only one rigid body mode. The boundary conditions are now
The first boundary condition implies C 2 ϭ0, so the displacement, its spatial derivative, and the shear strain are uϭC 1 sin kx ‫ץ‬u ‫ץ‬x ϭkC 1 cos kx
On the other hand, from the second boundary condition, we obtain
Finally, the third condition can again be written as
which is similar to the characteristic equation for a free-free beam. Again, it is convenient to normalize the mode of vibration so that
Once more we begin by considering the extreme case where R ϭϱ. This means that tan ␣ j ϭϪϱ, which is satisfied by
Thus, we recover the classical modes of a base-supported shear beam. At the opposite extreme is the case where the rotational inertia is zero, i.e., Rϭ0. This leads to the transcendental equation tan ␣ j ϭ␣ j , whose first five roots are listed in Table 2 , all of which are nonclassical.
Figs. 5 and 6 show, respectively, the first five roots ͑do notice the factor 2 on the vertical axis͒ and the rigid-body rotation angles as a function of the thickness ratio. Again, we observe that the rotation angles exhibit peaks that are numerically large in comparison to the displacements ͑although there is no double root in this case͒. The reason for this relates to the fact that the shear distortions are also large and compensate the rotation in such a way that the displacements remain small. This is illustrated in Fig.  7 , which shows a schematic of the first mode of a pinned-free shear beam when kLϭ, which occurs for a thickness ratio ϭ1/. Finally, the modes thus found satisfy the principle of conservation of angular momentum. Taking the moment of the momentum with respect to the pinned support, we obtain
The term in square brackets is once more the transcendental equation for the roots, so it is zero.
Conclusions
Shear beams that are either free in space, or are simply pivoted at one end, allow rigid-body rotations that invalidate the classical solution for the natural frequencies of such systems. The reason is that the standard method of derivation neglects the effect that the rotational inertia must have on the modes and frequencies, and thus violates the principle of conservation of angular momentum. Indeed, this effect takes place even when the rotational inertia of the beam vanishes or is neglected, because the translational mass continues to make an important contribution to the angular momentum. It is found that the frequencies are significantly affected by this phenomenon at small thickness ratios, while it vanishes when the rotational inertia is infinitely large, which prevents the rotation. In addition, it is found that the free-free shear beam has double frequencies at certain values of the thickness ratios below which a mode conversion takes place, the higher mode crossing over into a lower mode. These phenomena have implications for shear-beam like structures that allow rigid-body rotations, such as space trusses or tall buildings on elastic foundation.
Notation
The following symbols are used in this paper: A ϭ cross section of beam ͑area͒, A s ϭ shear area, b ϭ distributed lateral ͑transverse͒ body load; C s ϭͱGA s /A ϭ shear wave velocity; G ϭ shear modulus; I ϭ moment of inertia ͑area͒; L ϭ length of beam; M ϭ bending moment ͑positive when compressing top fiber͒; RϭͱI/A ϭ radius of gyration; S ϭ shear ͑positive when acting upward from right, downward from left͒; u ϭ lateral displacement; uЈϭ ϩ␥ ϭ slope of beam axis; ␥ ϭ shear distortion or strain ͑positive counterclockwise͒; x ϭ beam axis ͑abscissa, measured from left end͒; ϭ rigid body rotation of beam ͑positive counterclockwise͒; ϭR/L ϭ thickness ratio; ϭx/L ϭ dimensionless abscissa; ϭ mass density; and ϭ modal shape ͓u(x) for harmonic motion͔. 
